Beyond mean field theory
for neural networks

Michael Buice, Carson Chow
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How do you get complex behavior (e.g. thinking)
from the collective action of simple elements
(e.g. point neurons)?
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Function vs Mechanism

How does the brain do X!

e.g. learning, memory, classification

How is X generated in the brain!?

e.g. oscillations, synchrony, persistent activity
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Activity equation

Wilson-Cowan equation

a;(t) = —aa;(t) + f( waay

purely phenomenological
Want to derive from neurons
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Example learning rules

TW;5 = G;Q5 — Wy Hebbian rule

TW;; = Ui — Wiy Correlation rule

but activity equations ignore correlations
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time




“Generalized” activity equations

a;(t) = —aa;(t) + f waa] L) + G|C,]

Compute C;; from neurons
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Neuron model with coupling

0; = fi(0) + cu(t)
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Neuron model with coupling

0; = fi(0) + cu(t)

J

spike times of neuron j

Global coupling:  wi; = const
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Kinetic theory

Derive macroscopic equations
from microscopic dynamics
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Kinetic theory

Derive macroscopic equations
from microscopic dynamics

microscopic — probabilistic = activity
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Probability density evolution in N dimensions

Different initial data,
parameters

Py (0,1)
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Liouville formalism

6; = £:(0,1) 0 ={61,05,...,0n)

Probability conservation

(Einstein summation convention)
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Py(6,60') = P,(8')P,(6) + %02(9, 9

8135159) + N% / do' f(6,6')Pr(0')P1(6) @dﬁ’f@ﬁ’)(f@

Finite size effects
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813575(9) + N% / do' f(6,6')Pr(0')P1(6) @dﬁ’ﬂﬁ,@’)(f@

Finite size effects

o) O / 40’ £(0,6')P1(6') P1.(6) = 0

ot 00

Mean field theory
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Py(6,60') = P,(8')P,(6) + %02(9, 9

813575(9) + N% / do' f(6,6')Pr(0')P1(6) @dﬁ’ﬂﬁ,@’)(f@

Finite size effects

o) O / 40’ £(0,6')P1(6') P1.(6) = 0

ot 00

Mean field theory Vlasov equation
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BBGKY Hierarchy
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N coupled PDEs




BBGKY Hierarchy

0P (6) I Nﬁ /d@’fi(e,e’)Pl(H’)Pl(é’) _ _Né/dé”fi(é’,é”)Cg(@,Ql)

ot 00 00

(> depends on (3 and so on

N coupled PDEs Need to truncate
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Exploiting exchangeability
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Neuron identity is unimportant

N neurons in 1P
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Exploiting exchangeability

Py(oeobineo05y.) =Px(oon 05 05,

Neuron identity is unimportant

N neurons in 1P

density n(0,u,t) = — > (60— 6;(t))
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Apply to phase neuron model

Neuron dynamics: 0= I(t) + au(t)
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Apply to phase neuron model
Neuron dynamics: 0 = I(t) + au(t)
Synaptic dynamics: U+ fu = pv

- , 0 s
Firing rate: V== Z&(t — 1)
J




Firing rate: v = % > oot —t3)
J

density: (0, u,t) = % > 66— 0;(t))
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Firing rate: v = % > oot —t3)
J

N

density: (0, u,t) = % > 66— 0;(t))

1=1

5(t —t5) = 08(m — 0(t))

J
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Firing rate: v = % > oot —t3)
J

density: (0, u,t) = % > 66— 0;(t))




Klimontovich formalism
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Complete description of system
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u+ fu = B




Klimontovich formalism

e.g. Hildebrand, Buice, Chow, PRL 98.054101,2007

Complete description of system

On + 0 [(L(t) + au(t))n] =0
u+ fu = B

v(t) = (1(t) + au(t))n(m, t)

but # is not differentiable
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Average over initial data

to(t) = —Puo(t) + B I(t)p + alun)

Orp + O [1(t)p + a{un)] = 0

(1 (@ru(t) + Bu(t) — B[I(t)n + ous]) = 0 )
(nun)

BBGKY moment hierarchy




Average over initial data

to(t) = —Pup(t) + BI(t)p +
Otp + Op [I(t)p+ =0

(1 (@ru(t) + Bu(t) — B[I(t)n + ous]) = 0 )
(nun)

BBGKY moment hierarchy
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(un) = ugp

lgnore correlations
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Mean field theory

(un) = ugp M}

lgnore correlations




Mean field theory

to(t) = —Puo(t) + Br(t)
v(t) = (I1(t) + aue(t))p(m, t)

Oep + Op [(1(t) + aug(t))p] =0




Mean field theory

to(t) = —Buo(t) + Br(t)
v(t) = (I(t) + aug(t))p(m, t)
Oep + Op [(1(t) + aug(t))p] =0

Previous work went straight to mean field theory

e.g. Desai and Zwanzig, 1978; Strogatz and Mirollo, 1 990;
Treves 1993; Abbott and Van Vreeswijk, 1993; ...
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Steady state

uw=—pu—+ B+ au)p(mw,t) =0

Oip =~y [(I(1) + au(t))p] =0
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Steady state

uw=—pu—+ B+ au)p(mw,t) =0

Oup =~y [(I(H) + au(®))p] =0
_ _ 1 o\ 1
= % = o (1 27’(’)
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Activity equation
u+ pu = B(I+ au)p(w, )

Opp + Op(I + au(t))p(8,t)) = po(0)0(t)

t
u+ Pu = B + au)pg (7‘(’ — It — a/ u(s)ds)
0
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Activity equation
u+ pu = B(I+ au)p(w, )

Opp + Op(I + au(t))p(8,t)) = po(0)0(t)

U+ Bu =




Activity equation
u+ pu = B(I+ au)p(w, )

Opp + Op(I + au(t))p(8,t)) = po(0)0(t)

u+ Bu = F(I + au) F(r)=—x




Activity equation
u+ pu = B(I+ au)p(w, )

Opp + Op(I + au(t))p(8,t)) = po(0)0(t)

u+ Bu = F(I + au) F(x) = o

1

Wilson-Cowan equation If pg = oy




Beyond mean field theory

Need a scheme to compute moments of N
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007
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0(t; t2)

Klimontovich
n(0,t;t3)
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

—

0(t; t2)

Klimontovich
n(0,t;t3)
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Liouville

0>

Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

A(t; th)

—

(t;t5)

Klimontovich
n(0,t;t3)
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

Liouville Klimontovich
n(0,t;t7)
On Ot;to)  (t: 12)
92 // «—>
n(0,t;t;)
0; 0

Ensemble of initial data
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

Liouville Klimontovich
n(0,t;t3)
O(tito)  G(t: 12)
92 <>
n(0,t;tg)
0; 0

Ensemble of initial data
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

n(0,t;t3)

0 0

Ensemble of initial data = Ensemble of systems
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Pln(0,1)]
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Density functional

e.g. Buice and Chow, PRE, 76.0311 18,2007

Pin(0,t
n(0,t;t3) et 4
On O(t:t0) Gt £2) /
62 <>
n(0,t;t5)
Pn(0,1)
0, 6

Ensemble of initial data = Density of densities
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Density functional

e.g. Buice and Chow, PRE, 76.031118,2007

Oy + 9 [(I(t) + au(t))n] =0

U+ Bu— B+ au)n(m,t) =0 p  L(u,n|uo,n0) =0

(0, t0) = no(0) u(to) = uo J

Plu,n|uo, o] oc 6[L]

Density of the density




P[%?ﬂuo,%]

U, 7]

Plug, no] uncertainty
in initial data

Plu,n| = / DuoDno P|u, n|ug, no] Pluo, n0]
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Path or functional integral
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Action

Path or functional integral

Slu, w,n,n| = N/dtd@ n(0,t) (¢ + Og|(I + au)n)|)

+ / dt i (i + Bu — BIT + ol (. 1))
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Action

Path or functional integral

Slu, w,n,n| = N/dtd@ n(0,t) (O¢n + Og|(I + au)n)|)

+ / dt i (i + Bu o BIT + ol (. 1))

response variable
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“Nonlinear Cole-Hopf Transform™ n — ¢

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])

T / dt i (@ + Bu — BII + aul [ (m, ), £) + (1))




“Nonlinear Cole-Hopf Transform™ n — ¢

Initial data

l

+ [ dta (4 Bu— B+ aulld(m O0(m. 1) + 6(m D)) —InZ

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])




“Nonlinear Cole-Hopf Transform™ n — ¢

Initial data

l

+ [ dta (4 Bu— B+ aulld(m O0(m. 1) + 6(m D)) —InZ

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])

1
S=N (§@A1U + nonlinear terms)
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“Nonlinear Cole-Hopf Transform™ n — ¢

Initial data

l

+ [ dta (4 Bu— B+ aulld(m O0(m. 1) + 6(m D)) —InZ

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])

1
S=N (§@A1U + nonlinear terms)

/D@Dv (V™) e S0
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“Nonlinear Cole-Hopf Transform™ n — ¢

Initial data

l

+ [ dta (4 Bu— B+ aulld(m O0(m. 1) + 6(m D)) —InZ

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])

1
S=N (§@A1U + nonlinear terms)

/ DoDv (v"5™)e” """ Laplace’s method in 1/N
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“Nonlinear Cole-Hopf Transform™ n — ¢

Initial data

l

+ [ dta (4 Bu— B+ aulld(m O0(m. 1) + 6(m D)) —InZ

1
S=N (5@ Ly 4 nonlinear terms)

/ DoDv (v"5™)e” """ Laplace’s method in 1/N

Slu, @, v, 9] = N / dtd (0, t) () + Op[(I + au)])
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Linear Response

d y y au o
(% + 5) Ay — Bp(m, )AL — BT + au)Ay, = ot —1")
< v b IAY
(4 +5) Al = B DAY - B +amA] = 0
O AY + Oy [(I+ au)Al] + dppAl = 0

_ 1 / :
OAY + 0y (I +aw)Al| +00pAl = <60 —0)o(t 1)




Linear Response

A =
Az L —s ¢ ¢ o o o

A;Z — LI I R I e ——

B o e
AV = »




Linear Response

Al =
Az _ —s ¢ ¢ o o o
A?p — TR P —
Az _ cecoefec oo

(du(t)ou(t’))

ouU =u—1u




Linear Response

AY =
Aﬁ _ @ b 0 0 o o
A?p — R P—
Az _ cecoefec oo
Sut)su(t))  — \ ; A
s




Steady state

uw=—pu—+ B+ au)p(mw,t) =0

Oup =~y [(I(H) + au(®))p] =0
_ _ 1 o\ 1
= % = o (1 27’(’)




Drive Correlations

(u(t)ou(t")) ou=1u—1u




Drive Correlations

(Ou(t)ou(t")) ou=1u—1u

SN

-+ \‘ \‘0
VA




Drive Correlations

(Ou(t)ou(t")) ou=1u—1u

Ny L
>

A

= 8 [t (T+aalt") ALt )AL m ) p(m, ot + (1)

1
(2]1)2 /d@A;f(t,s)/de’Ag(t’,s’) + O (W)




Drive Correlations




Drive Correlations

2 _——— — — —
(du(t)?) = ~ I;:O (1 25;{,0) — (I + aug)
o o—BIAL, [1 B —255(t—t0—Atk)} H(t — to — Aty)

_i (1 _ 6—55(75 to))




Correlation transients

0-18 T T T T 0.25 T T T T
P! e e alpha=1.0
0.16 — Theory
@ O =
, 0.20 alpha=2.0{
14 —  Theory
e o alpha=3.0
0.12 | Theory
0.15F i
0.10
[} O
0.08
0.10 ]
0.06 rﬁ’"
 §
I @
0.04 0.05 1
0.02 1
0'OOO 1 2 3 4 5 0.00 2 3 4 5
time time

Sunday, May 20, 12



Correlation asymptotic state

C(?)




Correlation asymptotic state

=

C(?)




Firing rate fluctuations
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Firing rate fluctuations




Firing rate fluctuations




Firing rate fluctuations




Firing rate fluctuations




Firing rate fluctuations

Ndt

Poisson behavior




Firing rate fluctuations

Ndt

Poisson behavior




Firing rate fluctuations

Ndt N

Poisson behavior




Firing rate fluctuations

Ndt N

Poisson behavior sampling noise




Phase Model
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Phase Model
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Phase Model
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Theta Model




Theta Model

Qz(t) — 1 — cos (92(75) + (IZ(t) -+ OéZU(t))(l -+ COS (92(?5))

w; + Pu; = %25(75—75;)
j

S = Slu(t),u(t)] + S[p(0,1),0(0,1),




Theta Model

Qz(t) — 1 — cos (92(75) + (IZ(t) -+ OéZU(t))(l -+ COS (92(?5))
iLi +6u7; — %25(15—?5;)
S = Slu(t),u(t)] + S[p(0,1),0(0,1),

Slp, 0] = N/dtd&’ ©(0,t) [0rp(0,t) + Op |1 — cos b
+(1 4 cos0) {I 4+ au(t)} p(0,t)]] —In Z[pg(0, to)]
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Theta Model

Qz(t) — 1 — cos (92(75) + (IZ(t) -+ OéZU(t))(l -+ COS (92(?5))

w; + Pu; = %25(75—75;)
j

S = Slu(t),u(t)] + S[p(0,1),0(0,1),

Slp, 0] = N/dtd&’ ©(0,t) [0rp(0,t) + Op |1 — cos b
+(1 4 cos0) {I 4+ au(t)} p(0,t)]] —In Z[pg(0, to)]

Sfa(t), u(t)] = /t ds ii(s) (%u(s)mu(s)

—28{¢(m, s)p(m, s) + @(m,s)}) — In Z[u(to)]
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Steady state

po(0) = VI tio

-~ m(1 —cos8 4 (I + aug)(1 + cosh))

Uy = \/I+auo

Vv = l\/I%—auo
7




Steady state

) — VI 4 ug
PONY) = m(1 —cos 0 + (I + aup)(1l + cost))

uO:\/I+auO

1
70

-7T




Firing rate fluctuations




Firing rate fluctuations

(1)) = / dadQda’ S (4 (2, ) ()

1

—(v(t))




Firing rate fluctuations

Poisson




Firing rate fluctuations

— / dodQddo dSY (W (x ) (7))

Poisson

Anomalous finite size effects




Firing rate fluctuations

Poisson

(1)) = / dadQdadSY (4 (z, )b (2'.) 1

Anomalous finite size effects

not in phase model




Simulations
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Simulations

Theta Model
0.16 . . . .
0.14” |

| I N=1000

0.08 2 T
0.06 _
0.04 -

N<(5u2 >

0.02} ]
0-005 20 20 60 80 100
0.0 . . . . )
~0.5} - .« .
™ \ deviation
—~ =1.0f _ .
s from Poisson
' J
~2.0
=23 20 20 60 30 100

I=5.00 3=1.00 a=1.00

Sunday, May 20, 12



0.07
0.06

0.05}
= 0.04f
B
= 0.03f

0.02
0.01
0.00

0.02
0.00
—0.02
—0.04

7~

~, —0.06

= —0.08}

—0.10
—-0.12
—-0.14
—0.16

Theta Model

|].‘ Il Hwh“ 0L TR I LT L I l
w T

T aYmma T

40 60 80
I=0.10 8=1.00 a=1.00

N=10

Sunday, May 20, 12



1.8 ! ! !
1.6 %\W
1.4F o 3

1.2} ]
1.0f ]
0.8 i
0.6 ]
0.4F .
0.2} i

O'OO 20 40 60 80 100

0.1 I ! ! 1

N<5u2 >

~0.1
—~ 0.2
~0.3
—0.4
~0.5
~0.6 '

0 20 40 60 80 100
I=1.00 8=10.00 a=1.00

N=10

1 yrn ORI

Sunday, May 20, 12



Slides on sciencehouse.wordpress.com

Sunday, May 20, 12



